There are various approaches to transfer the prime ideal notion to prime submodule. The definition of primeness in modules have appeared in many ways. In this paper we define endo-prime submodules and show that this definition and prime submodules introduced by Sanh et al. [8] are coincide. Moreover, we also present the endo-prime radical and its properties. Then we apply our results to the endo-multiplication modules, i.e. a multiplication module over its ring endomorphisms.
Introduction
Prime ideals, prime rings and radicals have an important role in a ring. Some previous authors have generalized those notions to modules. Since there are various approaches to transfer the prime ideal notion to prime submodule, the definition of primeness in modules have appeared in many ways. Wijayanti studied some notions of primeness of modules and one of them is endo-prime modules, i.e. the primeness of modules over its endomorphism ring (see [13] ).
In this paper we study further endo-prime submodules and show that the endo-prime submodules and prime submodules introduced by Sanh et al. [8] are coincide.
Furthermore, in a multiplication module one can define a multiplication between two submodules. Hence the observation of further properties of prime submodules can be done in a multiplication module. However, most of the previous paper presented multiplication modules over a commutative rings with unit (for example Ameri [1] , Azizi [2] , El-Bast [5] and [6] , Tekir [10] ). By the commutativity one can analyze the properties of prime submodules in a simple way. But if we generalize the commutative rings to the arbitrary rings, some properties will disappear, unless we add some condition. In this work we define a multiplication module over its endomorphism ring which is called an endo-multiplication module . Since an endomorphism ring is not necessary commutative, we refer to paper which studied a multiplication module over any ring (see for example Tuganbaev [12] ). Moreover, we study the properties of endo-prime submodules and the radicals in an endo-multiplication module.
N-Prime Submodules and Endo-prime Submodules
In this section we give and study several definitions of primeness in a module. The first one is the definition of "prime submodules" introduced by Dauns [4] , and we call it D-prime submodules. The second one is the definition of "prime submodules" by Sanh et.al [8] , and we call it N-prime submodules. Furthermore we also recall the definition of "endo-prime submodules" by Wijayanti [13] . Throughout the paper, the ring means any ring with unit and the module means a right and unitair R-module. Moreover, we denote the endomorphism ring of M by S = End R (M ). Consider that any right R-module M is also a left S-module by defining S × M → M , (f, n) → f (n) and sometimes we write as f n. Definition 2.1 A submodule N of a right R-module M is called a D-prime submodule if for any m ∈ M , r ∈ R and mRr ⊆ N , then m ∈ N or r ∈ Ann R (M/N ).
We refer to Theorem 1.3 of Dauns [4] to see the characterization of D-prime submodules. A submodule K of M is called fully invariant if for every f ∈ S, f (K) ⊆ K. It is clear that as a left S-module, all its submodules are fully invariant. Conversely, any fully invariant submodule is also a left Ssubmodule. For any ideals I, J ⊂ S and submodule K ⊂ M we recall the following definition:
Now we recall from [8] the definition of N-prime submodule as follow. 
We refer to Theorem 1.2 of Sahn et al. [8] to give a characterization of an N-prime submodule. Now we give the definition of endo-prime submodules which is motivated by the definition of endo-prime modules in [13] .
is called an endo-prime module if for any fully invariant K, Ann S (K) = 0.
An endo-prime submodule and an endo-prime module are actually a Dprime submodule and a D-prime module over the endomorphism ring S respectively. It is stated in the result of Wijayanti's observation in [13] as follow. Consider that statement (5) in Theorem 1.2 of Sahn et al. [8] and the definition of endo-prime submodule are equivalent, as we show in the following proposition. a. L is an endo-prime submodule. b. L is an N-prime S-submodule.
For any m ∈ M \ L, Sm is a fully invariant submodule which is not same with
(b) ⇒ (a) Take any fully invariant submodule K in M , where for any
Endo-Prime Radicals
It is well known that in any ring R we can define a multiplicatively closed subset R , i.e. a subset which contains no zero and for any a, b ∈ R , ab ∈ R . Lam [7] generalized this definition to m-system as follow. A non empty subset R ⊆ R is called an m-system if for any a, b in S there is an r in R such that arb ∈ S.
Now we recall a notion of m-system in module which was introduced by Behboodi [3] and Sanh et al. [9] . However, Sahn et al. gave a little modification to Behboodi's definition. For our purpose, we use the definition of Sanh et al. as we give below.
We present some results of Sanh et al. [9] related to the relationship between m-system and endo-prime submodule.
Lemma 3.2 (Lemma 6.2 [9] )Let P be a proper fully invariant submodule in M . P is endo-prime if and only if M \ P is an m-system.
Next we show that any maximal submodule in M is an endo-prime submodule if its intersection with any m-system in M is empty. Proposition 3.3 (Proposition 6.3 [9] )Let X ⊂ M be an m-system and P a maximal fully invariant submodule in M , where P ∩ X = ∅. Then P is an Endo-prime submodule. If there is no endo-prime submodule contains L, then Rad E (L) = M . The following proposition shows that Rad E (L) is an intersection of all endo-prime submodules which contains L. We give first some notations :
As a special case in a ring R, if given an ideal I and there exists a prime ideal which contains I, then as a corollary of Proposition (3.5), Rad E (I) is the intersection of all ideals in R which contains I and denoted by √ I. Otherwise, we define √ I = R. The further observation of the spectrum of prime submodules is in the frame of Zariski topology which is motivated by following papers : Yeşilot [14] , Tekir [11] and Sanh et al. [9] . All endo-prime submodules of M , denoted by Spec E (M ) forms a topology called Zariski topology , where V (N ) is its closed set in the topology for any fully invariant submodule N in M . We give the properties below.
Proof. (1) and (2) 
. It implies P 0 is an endo-prime submodule and
If M contains an endo-prime submodule, then Rad E (M ) = P ∈Spec E (M ) P . However, if there is no endo-prime submodules in M , then Rad E (M ) = M . In this paper we assume the module M contains an endo-prime submodule.
Since Rad E (M ) is defined as the intersection of all endo-prime (fully invariant) submodules, then Rad E (M ) is also a fully invariant submodule in M such that we obtain the factor module M/Rad E (M ). Then
P .
Before we give some further results of radicals, we present here some properties of endo-primeness related to factor module.
Lemma 3.7 Let P be a proper fully invariant submodule in M which con-
Proof. Take any ϕ ∈ S, m ∈ M where m ∈ P and satisfies ϕSm ∈ P .
Then P = P/Rad E (M ) can be viewed as an S-module by the following scalar multiplication :
For any f ∈ S, ϕf m represents a class which contains ϕSm in P/Rad
We conclude that ϕ(M ) ⊆ P . It means P is an endo-prime submodule.
Lemma 3.8 Let P 1 and P 2 be proper fully invariant submodules in M which contains Rad E (M ). Then
Proof. Take any x ∈ (P 1 /Rad E (M )) ∩ (P 2 /Rad E (M )). It implies x ∈ (P 1 /Rad E (M )) and x ∈ (P 2 /Rad E (M )). Then
and moreover x 1 − x 2 ∈ Rad E (M ) or on the other words x 1 ∈ P 2 /Rad E (M ) and x 2 ∈ P 1 /Rad E (M ). Thus x ∈ (P 1 ∩ P 2 )/Rad E (M ). Conversely, take any y ∈ (P 1 ∩ P 2 )/Rad E (M ) which implies y = y 0 + Rad E (M ), where y 0 ∈ P 1 ∩ P 2 . It is clear that y ∈ P 1 /Rad E (M ) and y ∈ P 2 /Rad E (M ), so we prove that y ∈ (P 1 /Rad E (M )) ∩ (P 2 /Rad E (M )). Lemma 3.8 can be generalized to the family of fully invariant submodules in M which contains Rad E (M ) as follow.
Corollary 3.9 Let {P λ } be the family of fully invariant submodules in M which contains Rad E (M ). Then
One of the important results in this work is the following
Proof. By definition we obtain
To investigate the properties of radical related to direct sums, we give below some prior results, that is for the direct sums of two submodules in M . For this purpose it is easy to understand that for any fully invariant submodules
Proposition 3.11 Let K 1 and K 2 be fully invariant submodules in M and consider
. For converse of Proposition (3.11) we need some condition as we show in the next proposition.
Proposition 3.12 Let M be a module whose every fully invariant submodule is endo-prime. If K 1 and K 2 are fully invariant submodules in M , then
Proof. It is sufficient to show that Rad
. Without loss of the generality, π 1 (x) = x 1 ∈ Rad E (K 1 ). So there is an endo-prime submodule Y which contains K 1 but does not contain x 1 . Then we form fully invariant submodule Y ⊕ X 2 where X 2 is an endo-prime submodule which contains K 2 . Since every fully invariant submodules in M is endo-prime, Y ⊕ X 2 is endo-prime submodule and contains
Corollary 3.13 Let M be a module whose every fully invariant submodule is endo-prime. Let {K λ } Λ be the family of fully invariant submodules in M . Then
Endo-multiplication Modules
To accommodate the definition of endo-prime submodule which includes endomorphisms ring, in this work we define a multiplication module over its endomorphisms ring. 
Proof. Let L be a fully invariant submodule in M . Since M is an endomultiplication module, then there exists
We also compare the endo-multiplication modules with multiplication modules over S as we show in the following proposition. a. M is a multiplication S-module; b. M is an endo-multiplication module.
Proof. (a) ⇒ (b) Take any fully invariant submodule L in M , then for any
Hence L is a fully invariant submodule in M . Since M is an endomultiplication module, then there exists an ideal T in S such that L = T M .
Furthermore, the converse of (3) in Proposition (3.6) will be true if the module M is an endo-multiplication module as we give in the next Corollary 4.4 If M is an endo-multiplication module, then for any fully invariant submodule K and L, V
Since P is an endo-prime submodule and applying Proposition (4. 
Proof.
Now we give a necessary and sufficient condition for an endo-multiplication module.
Proposition 4.6
The following assertions are equivalent :
a. M is an endo-multiplication modules;
c. for any m ∈ M there exists an ideal I in S such that Sm = IM .
Proof. 
We know that the presentation ideal for each submodule in an endo-multiplication module is not unique. This fact will influence the definition of the multiplication between two submodules. For the special case, that is multiplication module over a commutative ring, the definition between two submodules is well defined. (see for example paper of Ameri [1] or Azizi [2] ).
By using Proposition (4.6) we define the multiplication between two submodules as follow. According to Proposition (4.6), there exist ideals Ann S (M/K) and Ann S (M/L) such that K = Ann S (M/K)M and L = Ann S (M/L)M . We define the multiplication between K and L as follow.
It is clear that the multiplication in (1) is unique. If this invariant submodule is cyclic, K =< k > and L =< l >, then
Now we give some results related to the multiplication between submodules and the primeness. Proposition 4.7 Let M be an endo-multiplication module, K, L and P fully invariant submodules in M . P is an endo-prime submodule if and only if whenever KL ⊆ P , then K ⊆ P or L ⊆ P .
Proof. (⇒) Take any fully invariant submodule K and L and satisfy KL ⊆ P . Then
(⇐) Take any ϕ ∈ S, m ∈ M \ P and satisfies ϕSm ∈ P . Hence ϕM ⊆ P . It implies m 0 ∈ M where ϕm 0 ∈ P . Then we build endo-prime submodules < m 0 >= Sm 0 and < ϕm >= Sϕm. Since M is an endo-multiplication module, there exists ideal T, U in S such that Sm 0 = T M and Sϕm = U M . Now we present
For Assumption we have Sm 0 ⊆ P or Sϕm ⊆ P . Thus m 0 ∈ P or m ∈ P , a contradiction. We prove that P is an endo-prime submodule.
As a special case of Proposition (4.7), i.e. if the submodules are cyclic in M , then we have the following Corollary 4.8 Let M be an endo-multiplication module and P a proper fully invariant submodule in M . P is an endo-prime submodule if and only if for any m 1 , m 2 ∈ M , m 1 .m 2 ⊆ P then m 1 ∈ P or m 2 ∈ P .
Proof. (⇒) It is clear.
(⇐) Take any fully invariant submodules M 1 and M 2 where M 1 M 2 ⊆ P . Assume M 1 ⊆ P and M 2 ⊆ P , there exist m 1 ∈ M 1 \ P and m 2 ∈ M 2 \ P . We obtain m 1 .m 1 ⊆ M 1 M 2 ⊆ P.
But we know that m 1 ∈ P or m 2 ∈ P , a contradiction with the assumption. Hence according to Proposition (4.7), P is an endo-prime submodule.
In the last section, we give a general situation of Nakayama Lemma in module.
Definition 4.9 Element u in M is called a unit element if u is not contained in any maximal submodules.
A characterization of a unit in an endo-multiplication module is given below. (⇒) u is a unit in M , < u > is an ideal which is contained u and is not contained in any maximal submodule. Hence < u >= M . Proof. (⇒) Let m ∈ Rad E (M ). Applying Proposition (4.10), it is showed that < u − gm >= M . It is clear that < u − gm >⊆ M and sufficient to prove that M ⊆< u − gm >. Assume M ⊆< u − gm >. There exists m 0 ∈ M and m 0 ∈< u − gm >. Hence m 0 ∈ Su + Sgm or equivalently m 0 ∈ M + Sgm = M or m 0 ∈ M , a contradiction.
(⇐) Let < u − gm 0 >= Su + Sgm 0 = M . Assume m 0 ∈ Rad E (M ). There exists an endo-prime submodule P in which for any f ∈ S where f Sm 0 ⊆ P , m 0 ∈ P but f (M ) ⊆ P . Consider that
Thus f (Sgm 0 ) ⊆ f (M ) for any g ∈ S. We conclude that f (Sm 0 ) ⊆ f (M ) ⊆ P . A contradiction to f Sm 0 ⊆ P .
